The Great Ellipse (GE) is the curve of intersection between the surface and a plane through the center of an ellipsoid. For arcs within a few thousands of kilometres it agrees within a few metres with the geodesic. As the direct and indirect navigation problems for the GE can be solved almost entirely by closed formulas (in contrast to the corresponding geodetic problems of the geodesic), navigation on the GE is mostly preferred. Here we take advantage of the Clairaut constant on the GE in solving the navigation problems.
Introduction
A great ellipse (GE) is the intersection between the surface of an ellipsoid and a plane through its center. If the eccentricity of the ellipsoid is disregarded (i.e. the ellipsoid approaches a sphere), the GE becomes a great circle (GC ). For arcs up to a few thousand kilometres the difference between the arc lengths of the GE and the GC is within a few kilometres, while the arcs on the GE and geodesic (i.e. the shortest path between two points on the ellipsoid) differ in the range of a few metres (Tseng and Lee 2010; Tseng et al. 2012) . Practical solutions to submetre accuracy are of particular interest for sailing aided by GPS and a GIS navigational system like ECDIS. As the solutions to the navigation problems along the GE are simpler than those along the geodesic (e.g., Sjöberg and Shirazian 2012) , it is of interest to explore the former solutions. Examples of early papers on sailing on the GE are Walwyn (1990) , Earle (2000) and more recently by Tseng and Lee (2010) and Tseng et al. (2012) . Here we present a new approach to solve the direct and inverse navigation problems on the GE by taking advantage of the Clairaut constant (e.g. Sjöberg 2007 ).
Basic formulas
Consider an ellipsoid with semi-major and semi-minor axes a and b. Then the ( rst) eccentricity of the ellipsoid is given by e = √ a 2 − b 2 /a. The position of a point P on the ellipsoid can be represented by its radius vector r, which can be expressed in Cartesian coordinates (x,y,z), whose system has its origin at the center of the ellipsoid and the (x,y)-plane being consistent with the equatorial plane of the ellipsoid, in ellipsoidal coordinates (β, λ), or in geodetic/geographic coordinates (ϕ, λ), which systems are related by the equations:
Here λ is geodetic longitude, ϕ and β are geodetic and reduced latitudes, respectively. The latter two are related by the equation
which yields also
is the radius of curvature of the ellipsoid in the prime vertical.
A Great Ellipse(GE) is a curve generated on the surface of an ellipsoid by its intersection with a plane through its origin. This implies that, if the vector n = ( n x , n y , n z ) T is normal to the generating plane of the GE, then the equation of the GE can be expressed:
where [·] is the scalar product. Inserting Eq.
(1) in Cartesian coordinates, the components of the normal vector n as above and dividing each term by n z , one obtains from Eq. (4) lx + my + z = 0; with l = n x /n z and m = n y /n z (5a) or, after expressing the Cartesian coordinates in ellipsoidal coordinates
Equation (4) also holds for vector r located on the enveloping sphere with the spherical coordinates (β, L) for latitude and longitude. In this case one obtains the corresponding equation
Comparing Eqs. (5b) and (6) it follows that the spherical and geodetic longitudes on the GE are the same i.e. L = λ. As will be seen later, this result is useful in computing the relation between the latitude and the longitude on the GE.
Longitude difference on the GE
Consider Fig. 1 , where the GE between points P 1 (β 1 , λ 1 ), P 2 (β 2 , λ 2 ) and P 0 (β 0 , λ 0 ) are projected to the auxiliary sphere of radius a. Point P 0 (β 0 , λ 0 ) is the vertex of the GE. where α ′ i are the azimuths at P i on the sphere. Eq. (7) is Clairaut's equation with the Clairaut constant c. We now apply the "2nd cosine theorem" to triangle P 1 P 2 N:
and by eliminating the terms with azimuths by Eq. (7) the formula can be written
and, in particular, for P 1 on the equator and generalizing to an arbitrary point by setting λ 2 = λ and β 2 = β, one obtains
The last equation implies that
and by differentiating dλ = cdβ
If two points with latitudes β 1 and β 2 > β 1 are located on the same side of the vertex, it follows by integrating Eq. (12) that
and if the two points are on adjacent sides of the vertex the longitude difference becomes ds =a
and by integrating between points P 1 and P 2 with latitudes β 1 and β 2 > β 1 , the arc of the GE can be expressed:
where S is the projected arc length on the auxiliary sphere and ∆s is a correction of order e 2 to obtain the arc length on the GE. S =a
if P 1 and P 2 are located on the same side of the vertex (Case 1), and S =a
if the points are located on adjacent sides w.r.t. the vertex (Case 2). The in nitesimal correction can thus be written
and therefore, in Case 1,
and, in Case 2,
where x i = sin β i . For precise determination of ∆s numerical computation of the integrals is suitable.
The azimuth along the GE
In Sect. 2.2 we introduced the Clairaut constant as a function of the azimuth α ′ along the auxiliary GC. Here we will nd the corresponding azimuth along the GE. To do so we start from the unit tangent in an arbitrary direction α on the ellipsoid (Tseng and Lee
2010):
dt =r β cos α +r λ sin α,
wherer means the unit vector of r. As the generating plane of the GE is orthogonal to its normal, one obtains an equation for the tangent along the GE by the equation
and by inserting the components of dt and n as in Eq. (5a) and considering Eq. (5b) one arrives at the following equation for the azimuth (For details, see the Appendix.):
where the last step was obtained by differentiating Eq. (5a) and employing Eqs. (12) and (2c). This result can also be written
and, if α is known, the Clairaut constant can be determined by c = cos β sin α √ 1 − e 2 cos 2 β 1 − e 2 cos 2 β sin 2 α .
Solution of the direct problem
Problem: The direct problem on the GE implies that point P 1 (ϕ 1 , λ 1 ) is given together with the azimuth α 1 and the arc length s to point P 2 (ϕ 2 , λ 2 ). The problem is to determine the coordinates of P 2 .
Solution: The solution can be obtained as follows.
1. Determine cos β 1 and c from Eqs. (2b) and (23) sin β 2 = sin α 1 cos
4. Update ∆s, given by Eq. (18b) or (18c), and compute S = s − ∆s. 5. Repeat Steps 3) and 4) until convergence of sin β 2 6. Compute the de nite β 2 (or ϕ 2 ). Note that Eq. (24) provides 4 solutions, two of which are complementary to the other two, but as the latitude is within the range ±π/2, two of the solutions can be discarded. The correct solution among the remaining two can be sorted out by inserting the two candidates into Eqs. (17a) and (17b) and compare with s = S + ∆s. 7. λ 2 follows from Eq. (13a) or (13b).
Solution of the inverse problem
Problem: The inverse problem on the GE implies that points P i (ϕ i , λ i ) ; i = 1, 2 are given. The problem is to determine the distance along the GE between and the azimuths at the end points.
Solution: Here follows a solution to the problem:
2. As shown in the Appendix, the Clairaut constant is given by c = 1, ift 1 = t 2 = 0 and ∆λ ̸ = π (25a)
and in all other cases (except t 1 = t 2 = 0 and ∆λ = π)
where t i = tan β i .
3. The arc length is given by Eqs. (16), (17a) and (18a) or (16), (17b) and (18b yields the shortest arc length.
Navigation along the GE
Prior to a navigation expedition the Clairaut constant for the GE should be determined (see Sects. 3 and 4) . From this constant the maximum latitude of the path (at the vertex) is provided. The azimuth and longitude difference from departure point can be checked at any waypoint by Eqs. (21)/ (22) and (13a)/(13b).
Note 2. The travelled arc length along the GE is determined by Eqs. (17a) and (18b) if the two points are on the same side of the vertex; otherwise they are determined by Eqs. (17b) and (18c).
Conclusions
Each GE has a unique Clairaut constant, and once it has been determined, we have shown how to solve the navigation problem on the GE. The solutions for the direct and inverse navigation problems presented above lend themselves for programming in a PC.
The GE differs slightly from the geodesic, the shortest path on the ellipsoid between two given points. Here presented approaches for solving the problems on the GE are similar to those we used for solving the corresponding problems on the geodesic (Sjöberg and Shirazian 2011) . In both cases the geodesic and GE Clairaut constants relate the latitude and azimuth along the path by the simple formula of Eq. (7), which also provides the maximum /minimum latitude of the arc (at the vertex, where the azimuth equals 90 degrees). For the GE the spherical and ellipsoidal (geodetic) longitude differences on the auxiliary sphere and ellipsoid, respectively, are the same, while this is not the case for the geodesic. This implies that the solutions for the direct and inverse problems on the geodesic become more complicated than those for the GE. While the formulas for the GE are mainly closed-form solutions (and only the determination of the arc length needs a small correction determined by numerical integration), several of those of the geodesic needs iteration.
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DETERMINATION OF β 2 IN THE DIRECT PROBLEM
Eqs. (17a) and (17b) can be written in the form Lemma A.1. (A9)
DETERMIANTION OF THE AZIMUTH ALONG THE GE
The arbitrary unit tangent vector on the ellipsoid reads dt =r β cos α +r λ sin α, 
Hence, for the GE (being orthogonal to its normal n) one obtains dt · n = 0,
and by inserting the components of dt and n as in Eqs. (5a) and (5b) 
